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Elliptic Quaternions and Generating Elliptical
Rotation Matrices”

Mustafa Ozdemir®

January 26, 2016

Abstract

Elliptical rotation is the motion of a point on an ellipse through some angle about
a vector. The purpose of this paper is to examine the generation of elliptical rotations
and to interpret the motion of a point on an elipsoid using elliptic quaternions, elliptic
inner product and elliptic vector product. In this paper, we define elliptic quaternions
and generate an elliptical rotation matrix using those quaternions.
Keywords : Elliptic Quaternion, Rotation Matrix, Elliptical Inner and Vector Product.

1 Introduction

A rotation is an example of an isometry, a map that moves points without changing the
distances between them. A three dimensional rotation is a linear transformation that de-
scribes the motion of a rigid body around an axis and can be expressed with an orthonormal
matrix which is called a rotation matrix. 3 x 3 rotation matrices form a special non abelian
orthogonal group, denoted by SO(3). The group of 3 x 3 rotation matrices is isomorphic to
the group of rotations in a 3 dimensional space. This means that multiplication of rotation
matrices corresponds to composition of rotations. Rotation matrices are used extensively
for computations in geometry, kinematics, physics, computer graphics, animations, and op-
timization problems involving the estimation of rigid body transformations. For this reason,
the generation of a rotation matrix is considered to be an important problem in mathematics.

There are various representations for rotations as orthonormal matrices, Euler angles,
Cayley map, Rodrigues rotation formula, Householder transformation and unit quaternions
in the Euclidean space. But to use the unit quaternions is a more useful, natural, and
elegant way to perceive rotations compared to other methods. Quaternions were discovered
by Sir William R. Hamilton in 1843 and the theory of quaternions was expanded to include
applications such as rotations in the early 20th century. The most important property of the
quaternions is that every unit quaternion represents a rotation and this plays an important
role in the study of rotations in 3-dimensional vector spaces. Quaternions are used especially
in computer vision, computer graphics, animation, and kinematics.

A similar relation to the relationship between quaternions and rotations in the Euclid-
ean space exists between split quaternions and rotations in the Minkowski 3-space. Split
quaternions are identified with the semi-Euclidean space Eg. Besides, the vector part of split
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quaternions was identified with the Minkowski 3-space [2] . Thus, it is possible to do with split
quaternions many of the things one ordinarily does in vector analysis by using Lorentzian
inner and vector products.

Each of quaternion algebra H and split quaternion algebra H is an associative, non-commutative
ring with generating by four basic elements {1, i, j, k}. Unlike the quaternion algebra, the split-
quaternions contain zero divisors and nilpotent elements. We can express any quaternion ¢
as ¢ = (q1,42,93,q4) = 1 + @i + ¢3j + quk or ¢ = S; + V¢ where the symbols S, = ¢; and
V, = @21+ q3j + qak denote the scalar and vector parts of g, respectively. If S; = 0 then ¢ is
called a pure quaternion. The conjugate of ¢ is denoted by @, and defined as g = S, — V.
A comparison of the properties of quaternions and split quaternions can be given as follows.
In this table, only different properties are compared.

Properties Quaternion Algebra H Split Quaternion Algebra H
Algebra i2=j2=kK =ijk=-1 i2=-1j2=k¥=ijk=1

Norm lall = Jad=/aa=a+aZ +q3+ a3 Jladl=/laal=laf + a2 — a3 - a3l

Timelike if g3+ 93— g3 -3 > 0

No different types 2 2 2 2
Types . s o Spaceliike if 5 + g5 — 03 — 5 < O
since 4§+ Q7 + Q3 + g3 > 0. R S S S
Lightlike if g5+ 95 —Q95—q; = 0

Zero divisor No zero divisor (Division Ring) Contains zero divisor (Non-divison ring)

an even sub algebra Cl3, with an even subalgebra Cl3; with
Isomorphic to ) ) ) )
{L,exe3 > j €163 > kere2 > i} {1 eze3 > i,e381 > kerez > j}

P11 = (Vp,Vq)p+P1Vq+d1Vp+Vp xg Vg P101+(Vp, V) +P1V qtd1VptVp X1 Vg

Py P2 P33 Pg aq, P1 —P2 P3 Py qq
Quaternion P, P1 —Ps P3 [*P3 P2 Py Py —P3 qs
pg = pg=
Product (pQ) Ps Py P1 Py as Ps Py P1 P2 ds
Ps —P3 P2 Pp SV} Ps —P3 P2 Pp d4
with Euclidean dot and vector product. with Lorentzian dot and vector product.
Rotation Euclidean spherical rotations Lorentzian, hyperbolical and
Kind spherical rotations
Unit ; ’
" qo=ﬁ, if [qll # 0. qozﬁ, ifqf +093 - a5-q% * 0.
Quaternion q q
The set of unit split quaternions is not
The set of unit quaternions is a group a group. But, The set of timelike
Rotation
Each unit quaternion represents a quaternions is a group. Each unit timelike
Group
rotation in Euclidean 3-space. quaternion represents a rotation
in Minkowski 3-Space.
g=sinh@ + gocosh @, £2=1 if q spacelike.
g=coshf+¢osinhg,g2=1 If d timelike
Polar Form go=(cosh + esing), e2=—1 with spacelike Vg
for unit q
if q timelike

0=C0Sf+£oSiNG, e2=—1
with timelike V g




Fach unit quaternion represents a rotation in the Euclidean 3-space. That is, only four
numbers are enough to construct a rotation matrix, the only constraint being that the norm
of the quaternion is equal to 1. Also, in this method, the rotation angle and the rotation axis
can be determined easily. However, this method is only valid in the three dimensional spaces
([15], [18]). In the Lorentzian space, timelike split quaternions are used instead of ordinary
usual quaternions ([4], [5]).

Let ¢ and r be two quaternions. Then, the linear transformation R, : H — H defined
by R, (1) = qrq~ ! is a quaternion that has the same norm and scalar as 7. Since the scalar
part of the quaternion r doesn’t change under R,, we will only examine how its vector part
V, changes under the transformation R,. We can interpret the rotation of a vector in the

Euclidean 3-space using the quaternion product ¢V,q~!.

3D Rotation Matrices and Unit Quaternions

If g =qo+ q1i + q2j + g3k = cosf + ggsinf is a unit quaternion, then, using the
linear transformation R, (V,) = ¢V,q !, the corresponding rotation matrix can be found
as

B+E -G —@¢ 200+200 2909 + 2193
R, = 20102+ 20300 G -G+ B -4 20203 — 2q1q0 . (4)
2q193 — 2290 20190 + 26293 G4 — @& — ¢ + &3

This rotation matrix represents a rotation through angle 20 about the axis € = (q1, g2, ¢3) -
In the Lorentzian space, the rotation matrix corresponding to a unit timelike quaternion
q=qo+qi+qj+gkis,

B+@E+ad+4 2090 — 2093 —2q193 — 2¢2q4
Ry=| 2pg+2un @G —d-—¢G+9aG —2¢3q0—2¢q | - (see[d]).
2q2q4 — 2q3q1 2021 — 24304 G — B+ G — @3

Details about generating rotation matrices, particularly in the Euclidean and Lorentzian
spaces, using these methods can be found in various papers, some of which are given in the
reference section. Those authors mostly studied the rotation matrices in the positive definite
scalar product space whose associated matrices are diag(£1,---,+1), and interpreted the
results geometrically. For example, quaternions and timelike split quaternions were used to
generate rotation matrices in the three dimensional Fuclidean and Lorentzian spaces where
the associated matrices were diag (1,1,1) and diag (—1,1,1), respectively. In these spaces,
rotations occur on the sphere x2 +52 4 22 = r2 or the hyperboloids —z2 4%+ 2% = +r2. That
is, Euclidean and Lorentzian rotation matrices help us to understand spherical and hyperbolic
rotations. In the Euclidean space, a rotation matrix rotates a point or a rigid body through
a circular angle about an axis. That is, the motion happens on a circle. Similarly, in the
Lorentzian space, a rotation matrix rotates a point through an angle about an axis circularly
or hyperbolically depending on whether the rotation axis is timelike or spacelike, respectively.

In this paper, we investigate elliptical rotation matrices, which are orthogonal matrices
in the scalar product space, whose associated matrix is diag(ay, ag, as) with a1, az2,a3 € RT.
First, we choose a proper scalar product to the given ellipse (or ellipsoid) such that this ellipse
(or ellipsoid) is equivalent to a circle (or sphere) for the scalar product space. That is, the
scalar product doesn’t change the distance between any point on the ellipse (or ellipsoid) and
origin. Interpreting a motion on an ellipsoid is an important concept since planets usually
have ellipsoidal shapes and elliptical orbits. The geometry of ellipsoid can be examined using
affine transformations, because of an ellipsoid can be considered as an affine map of the unit
sphere.



The aim of this study is to explain the motion on the ellipsoid

.Z‘Q y2 22

+ b72 + 672 = 1,
as a rotation, using the proper inner product, vector product and elliptical orthogonal ma-

trices. In this method, the elliptical inner product, the vector product and the angles are
compatible with the parameters # and § of the parametrization

a?

0 (0,5) = (acosfcosv,bcosBsin 3, csinb).

In this paper, we defined the elliptic quaternions and generate elliptical rotations using unit
elliptic quaternions for a given ellipsoid.

2 Elliptical Inner and Vector Product

We begin with a brief review of scalar products. More informations can be found in ([§],
[9] and, [14]). Consider the map

B:R"xR"—R, (u,v)— B(uv)
for u, v € R™. If such a map is linear in each argument, that is,

B(au+bv,w) =aB (u,w) + bB(v,w),
B(u,cv+dw) =cB(u,v) +dB(u,w),

where, a,b,c,d € R and u,v,w € R", then it is called a bilinear form. Given a bilinear
form on R”, there exists a unique 2 € R™*™ square matrix such that for all u,v € R"”,
B(u,v) = u'Qv. Q is called "the matriz associated with the form" with respect to the
standard basis and we will denote B (u, v) as Bq (u,v) as needed. A bilinear form is said to
be symmetric or skew symmetric if B (u,v) = B(v,u) or B(u,v) = —B (v, u), respectively.
Hence, the matrix associated with a symmetric bilinear form is symmetric, and similarly,
the associated matrix of a skew symmetric bilinear form is skew symmetric. Also, a bilinear
form is nondegenerate if its associated matrix is non-singular. That is, for all u € R™, there
exists v € R"™, such that B (u,v) # 0. A real scalar product is a non-degenerate bilinear form.
The space R™ equipped with a fixed scalar product is said to be a real scalar product space.
Also, some scalar products, like the dot product, have positive definitely property. That is,
B(u,u) > 0 and B(u,u) = 0 if and only if u = 0. Now, we will define a positive definite
scalar product, which we call the B-inner product or elliptical inner product.

Let u = (u1,ug,...,un), w = (w1, wa, ...,w,) € R” and aq, az, ..,a, € RT. Then the map

B:R"xR" =R, B(uw)=ajujwy + agugws + -+ + apupwy,

is a positive definite scalar product. We call it elliptical inner product or B-inner product.
The real vector space R™ equipped with the elliptical inner product will be represented by

R, 45....an OF Rj. Note that the scalar product B (u,v) can be written as B (u,w) = u‘Qw
where associated matrix is
al 0 0
0 az -~ 0
Q= . . (1)
. -0
0 0 - a



The number vdet Q will be called "constant of the scalar product" and denoted by A in the
rest of the paper. Two vectors u and w are called B-orthogonal or elliptically orthogonal
vectors if B (u,w) = 0. In addition, if their norms are 1, then they are called B-orthonormal
vectors. If {ug, u,...,u,} is an B-orthonormal base of Ry, . . ., then det (ui,ug,...,u,) =
A~!. The cosine of the angle between two vectors u and w is defined as,

B (u,w)
[ullz [[wll
where 6 is compatible with the parameters of the angular parametric equations of ellipse or

ellipsoid.
Let B be a non degenerate scalar product, € the associated matrix of B, and R € R"*"

cosf) =

is any matrix.

i) If B(Ru, Rw) = B (u,w) for all vectors u,w € R", then R is called a B-orthogonal
matrix. It means that orthogonal matrices preserve the norm of vectors and satisfy the matrix
equality RIQR = Q. Also, all rows (or columns) are B-orthogonal to each other. We denote
the set of B-orthogonal matrices by Op (n). That is,

O5(n) ={RcR™": RIOR = Q and det R = +1}.

Op (n) is a subgroup of Gl (n). It is sometimes called the isometry group of R™ associated
with scalar product B. The determinant of a B-orthogonal matrix can be either —1 or 1. If
det R = 1, then we call it a B-rotation matrix or an elliptical rotation matrix. If det R = —1,
we call it an elliptical reflection matrix. Although the set Og(n) is not a linear subspace
of R™*™ it is a Lie group. The isometry group for the bilinear or sesquilinear forms can be
found in [8]. The set of the B-rotation matrices of R can be expressed as follows:

SO5(n) ={RcR™": R'QR = Q and det R = 1}.

SOg (n) is a subgroup of O (n) .
i) If B(Su,w) = B(u, Sw) for all vectors u,w € R", then S is called a B-symmetric
matrix. It satisfies S'Q) = Q5. The set of B-symmetric matrices, defined by

J={SeR"":B(Su,w)=B(u,Sw) for all u,w € R"}

is a Jordan algebra [8]. It is a subspace of the vector space of real n x n matrices, with

dimension n (n + 1) /2. Any B-symmetric matrix in Ry, .., can be defined as

S = [A“J} 2)
@ Ipxn
where a;; = aj; and a;; € R.
iii) If B(Tu,w) = —B(u,Tw) for all vectors u,w € R", then T is called a B-skew-
symmetric matrix. Also, 7°Q = —QT. The set of B-skew symmetric matrices, defined by
L={T e R”":B(Tu,w) =—B(u,Tw) for allu,w € V}

is a Lie algebra [8]. It is a subspace of the vector space of real n x n matrices, with dimension

n(n —1)/2, as well. Any B-skew-symmetric matrix in Ry, .., can be defined as,

A ..
2% J
a;
T = [tij]nxn with ti; = _Aaij i < (3)
%
0 1=7

where a;; = aj; and a;; € R.



3

For example, in the scalar product space R the symmetric and skew symmetric ma-

a1,a2,a3?
trices are
ainfar  x/ax y/ay 0 x/ar  y/a
S=A| z/az ax/ay z/ay and T=A| —z/az 0 z/ay
y/az  z/az aszfa3 ~y/az —zfaz 0

Note that, even if we omit the scalar product constant A in S or 7', they will still be symmetric
or skew symmetric matrix, respectively. But then, we cannot generate elliptical rotation
matrices using the Rodrigues and Cayley formulas. So, we will keep the constant A.

Elliptical Vector Product

Now, we define the elliptical vector product, which is related to elliptical inner product.
Let u; = (i1, iz, ...y win) € R" fori =1,2,...,n—1 and ey, ey, ..., €, be standard unit vectors
for B. Then, the elliptical vector product in R? is defined as,

a1,a2,...,0n

n n n n
X X - X —
Reyaz,man X Ray gz, an Ry a2,man ™ Rayan,.am

(uj,ug,...,uy) = V(U X ug X ug X -+ X Up_1)

el/al e2/a2 83/(13 en/an
u11 U12 u13 T Uln
V(ug Xxug xuz X -+ X up_1) = Adet U21 U22 U23 U2n (4)
Un—1)1 Un-1)2 Un-1)3 ~°° Un-1)n

The vector V(a3 Xxug X ---Xu,—1) Iis B-orthogonal to each of the vectors
ui, Us, us, ..., U1 geometrically. As a special case, the 3-dimensional elliptical vec-
tor product of u; and us is defined as

el/al e2/612 e3/a3

)% (111 X 112) = Adet U1l Uu12 U13
U21 U22 u23
for the scalar product space Rgl’%as, where A = | /ajaza3.

The ellipsoid a12? + agy? + azz? = 1, a; € R is the unit sphere for this space. The end
point any unit vector in tha%as falls on the ellipsoid. If u; and up are unit vectors in
Rf’bl’az,as, then V (u; x ug) is also unit vector and it is elliptically orthogonal to u; and us.
The standard vector product is a special case of the elliptical vector product. That is, if we
take a3 = as = a3 = 1, we end up standard vector product, standard inner product and,

standard orthogonality in the three dimensional Fuclidean space.

3 3D Elliptical Rotations

Let’s take the ellipsoid a1z + a2y? + a3z? = 1 where a; € RT. The scalar product for
this ellipsoid is
B (u,w) = ajujwi + agugws + azuiws,

for u = (u1,uz,u3) and v = (v1,v9,v3) . Also, the vector product is



el/al 62/a2 63/CL3 0 —U3/CL1 ’LL2/(L1 V1
V(ux v)=Adet U1 U U3 =A | wus/ag 0 —uy/ay vy | =T (vt)
U1 V2 V3 —u2/a3 ul/ag 0 V3

where A = /ajasas. The matrix

0 —ug/ar  uz/aq
T=A U3/a2 0 —ul/ag (5)
—UQ/ag ul/ag 0
is skew symmetric in R3 . That is, T*Q = —QT. So, the vector product in R? can be
a1,a2,a3 a1,a2,a3

viewed as a linear transformation, which corresponds to multiplication by a skew symmetric
matrix. The characteristic polynomial of T is, P (z) = #3 + ||ul|?z whose eigenvalues are
21 = 0 and xp3 = +|Jul|i. According to characteristic polynomial T3 + [|u|*>T = 0. So, if
we take a unit vector u € Rgha%a?’, we get T = —7T and we can use Rodrigues and Cayley
formulas. (See the paper "An Alternative Approach tor elliptical motion" published
online in "Advances in Applied Clifford Algebras.")

A
e

$2

2
Example 1 A parametrization of the ellipsoid T + yz +

a(0,5) = (2cosfcos 3,2 cosfsin [3,3sin0)

where 6 € [0,7) and § € [0,27). Let’s take the points
A=a (30°,30°) = (3/2, \/3/2,3/2) and B=a (120°,30°) = (f\/§/2,f1/2,3\/§/2)

on the ellipsoid. Let’s find the rotation matriz which is rotate the point A to B elliptically.

We have a1 = as = 1/4 and ag = 1/9. So, A = 1/12. First, using the vector product of
— —

x=0A andy = OB in R‘;’/471/471/9, we find the rotation axis .

43 9k

4j
V(Xxy):i 3/2 V3/2 3)2 :<1,—\/§,0>.
12 —/3/2 —% 3v/3/2



Since V (x X y) is unit vector in R‘;’/471/471/9, we get u = (1,—+/3,0). Thus, we can obtain the
elliptical rotation matrix

9cosh + 3 3v3(cosf —1) —4+/3sin6
RpyT (0) = T 3v/3 (cos — 1) 3cosf+9 —4sin @
9v/3sin 0 9sin 6 12 cos 6

by using Rodrigues rotation formula (see [1]). This matriz describes an elliptical rotation on
a great ellipse such that it is intersection of the ellipsoid and the plane passing through the
origin and B-orthogonal to u. It can be easily found that equation of the plane is © = \/3y.

1
So, RY represents an elliptical rotation over the the great ellipse is y? + §z2 =1,y =3z
Also, the elliptical rotation angle is w/2, since cos = B(x,y) = 0. Thus, we find

3 —=3vV/3 —4V3

1
AT -3v3 9 -4 . (6)
9V3 9 0
2 22
The matriz (6), rotates the point A to the point B elliptically over the great ellipse ?—1—3 =1,

Y=

4 Elliptic Quaternions

Elliptic Quaternions for a given ellipsoid
To get an elliptical rotation matrix, first we define the set of elliptic quaternions suitable

for the ellipsoid

almz + a2y2 + a322 =1.

Let’s take four basic elements {1,1, j, k} satisfying the equalities
i2 = —asg, j2 = —az, k2 = —as

and

A A A
= k=i, k=i ok, ki= = ik

where a1, as,a3 € RT and A = \/ajazas.

The set of elliptic quaternions will be denoted by Hyg, 4,.4,- This set is an associative, non-
commutative division ring with our basic elements {1,i,j,k}. If we take a; = aa = a3 = 1,
we get the usual quaternion algebra. The elliptic quaternion product table is given below.

I I I T O T
1)1 i j k
i i —ai Ak/ag —Aj/CLQ
j J —Ak/ag —az Ai/al
k k Aj/a2 —Ai/a1 —as




For each ellipsoid, we define a quaternion product using scalar product and vector product
such that the ellipsoid is a unit sphere for this scalar product space. Now, let’s define the

quaternion product for the ellipsoid a2? 4 a2y? + azz? = 1.

Elliptic Quaternion Product
The elliptic quaternion product of two quaternions p = pg + p1i + p2j + psk and

q = qo + q1i + g2j + g3k is defined as

Pogo — B(Vp, V) +poVe+qVy +V (V, x V) (7)
where
B(Vy,, Vy) = a1piqi + a2p2qo + aspsqs,
and
ei/ar ex/az es/as 0 —p3/a1  pa/aq qQ
V(Vp xVg)=Adet | p1 P2 p3  |=A| p3/as 0 —p1/az a2
q1 q2 q3 —p2/as  pi/as 0 q3

are the elliptical scalar product and the elliptical vector product for a12? 4+ asy? +asz? = 1,
respectively. Here, A is equal to /ajaszas.

If p and ¢ are pure, then

pg=—B(Vp, V) +V(Vp x Vg)

i/al j/a2 ]{Z/CLg
= — (a1p1q1 + agpage + aspsqs) + A| p1 p2  p3
q a2 as
The elliptic quaternion product for Hyg, 4, 4, can be expressed as (pq)T = qu where,
[ po —aip1 —agpa  —azps |
p3A  p2A o
p1 Po -
a1 a1 Q1
F, (A, a1, a2, a3, po, p1,p2,p3) = p3A piA | and ¢ =
b2 — Po - q2
a9 as
pA  pilA a3
ps — — Po
L as as §

For example, let p,q € Ha 2 1. Then, the elliptic quaternion product of p and ¢ defined is

Po
P
D2
p3

pg =

—2p1 —2p2 —ps3
Po —D3 b2
p3 Po —P1

—2p2 2p1 po

For p =14 2i+3j+4k and ¢ = 2+ 4i+j + 3k, we get pg = (—32,13,17,—9) . This can also
be calculated using the product table

HEEREERS
11 i j k
i i -2 |2k| —j
Jhil—2k|-2|i
k|ik| j —i| -1




Example 2 Let’s define the set of elliptical quaternions and the elliptical quaternion product
2

for the ellipsoid (F) : T
) 1 2 2 9
Since, a1 = 37 ag = 3 and az = g’ we get

1
A= vaijasas = 6

So, the set of elliptical quaternion for (E) is,

. . . I 1 1 .. 1
Hiy2,1/2,0/0 = {q = q+ @i+ qj+gk:i’= 5 it = 5 K? = - ijk =— 6} :
Using the scalar product an vector product
1 1 1
B(Vp, Vg) = Spia1 + 5p2g2 + 5343
2 2 9
and
1 0 —2p3 2po ¢
V(VpxVg)=-1| 2p3 0 —2p %2
6
—9p2 I;m 0 q3
22y 2
for the ellipsoid (E) : 5 + 5 + 9= 1, the elliptic quaternion product of the quaternions
p=po+ pii+p2j+psk and ¢ = qo + q1i + q2j + g3k
is defined as
Poqo — %pl(h - %P2Q2 - %Psq?,
Poq1 + P1do + 5P243 — 5P342
pq - 1 1
Pog2 + P2go — 3P143 + 3P3q1
Dog3 + %plfh - %pwl =+ qop3
or
T
(pg)" = Fq"
where
po —p1/2 —p2/2 —p3/9 q0 0
1111 P1 Po —p3/3  p2/3 ¢ T @
F 10600 a0 Py P2, = and =
b <6 979 g PO PL P2 p3> P2 p3/3 po  —p1/3 45 1 i)
p3 —3p2/2 3p1/2  po q3 q3

Let’s find product of the quaternions p =1+ 2i+ 3j + 6k and q¢ = 3 + 2i 4+ 2j + 3k using the
2 2 2

elliptical quaternion product defined for the ellipsoid (E) : % + % + % =1.
_ 9 7
1 -1 32
> 1 3 || -
1111 - 2 7
Fylzvz7-,1,2,3,6 ) ¢" = 2 =
p(67272797 ) ) ) >q 3 2 1 _g 2 13
6 9 5 ) 3 18
L” 2 _
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Clifford Algebra and Elliptic Quaternions
Remember that the algebra is formed by a vector space V equipped with a quadratic form @
with the following equalities

vi=Q(v);
uv + vu = 2B¢ (u, v)

is called a Clifford algebra and is denoted by C?¢(V,Q). If {ei,...,e,} is a base for an n-
dimensional vector space V, then C/ (V, Q) is formed by the multivectors

{1} U {eileiQ...eik 1< << <n, 1<k<L TL}

with dim (C?¢(V,Q)) = 2". Since the Clifford product of two even multivectors is an even
multivector, they define an even subalgebra of C¢(V,Q). The even subalgebra of an n-
dimensional Clifford algebra is isomorphic to a Clifford algebra of (n — 1) dimensions and
it is denoted by C¢* (V,Q). The Hamiltonian quaternion algebra H is isomorphic with
the even subalgebra C’E;O = C/ (R3,Q =22+ 13 +:L‘§) by {1,e2e3 — j,e1es — k,ejeg —
i} and the split quaternion algebra H is isomorphic with the even subalgebra Cf;fl =
ct (R?,Q = —z? + 23+ x%) by {1,e2es — i,eser — k,ejea — j} [15]. Similarly, the elliptic
quaternion algebra is an even subalgebra of the Clifford algebra

Cl(R3) ={qg=qo+ei1q1 +exq> +e3q3 : €] = a1, €3 = ay, €} = a3, e;e; + eje; =0}

associated with the nondegenerate quadratic form Q (z) = a12? + agz3 + azz? and is de-
noted by C¢" (R?, a2} 4 a3 + asz?) , or shortly CO* (]Rglm,as) . Ha, ay,05 1 isomorphic to
or+ (RS, . . ) with

ai,az,a3

ai . a2 . as
{1, —eses — i, —e1e3 — j, —ei1ea — k}.

A A A

For the quadratic form Q) = alm% + ala:% + alwg, recall that the elliptical inner product can
be obtained by using the equality

Bo(xy) = 3 [R(x+y) ~Q(x) - Q)]

So, we get Bg (x,y) = a121y1 +a2x2y2 +azzzys for x = (z1,x2, x3) and y = (y1,y2,y3) . Thus,
we can construct an elliptic quaternion algebra for any elliptical inner product space.
Conjugate, norm and inverse of an elliptic quaternion q = qg + q1i + ¢2j + g3k can be
defined similar to usual quaternions :

7= qo — q1i — q2j — g3k,

lall = Vaa = Vg = \/(JS + a1¢? + azq3 + a3q3,
1 9
=7,
lqll

Also, each elliptic quaternion ¢ = qg + g11 + ¢2j + g3k can be written in the form

q

g0 = ||q|| (cos @ + ¢ sin 6)

where

11



2 2 2
a a a
cosf= L and sinf = Vgt + axg3 + asg;
gl ]l
Here, g9 = gqth,Cf) > s a unit vector in the scalar product space RS o0as
Varg; + a2g; + asq; o
satisfying the equality e2 = —1. It is called the axis of the rotation. For example, if

q=1+2i+j+5k € Hoay, then |¢| =v12+2-224+2-12 +1.52 = 6 and we can write

1 v35(2,1,5 2,1,5
q:7+7( Ut ):c059+< L )SiH9
6 6 V35 V35
1
where g¢ = Wi (2,1,5) is a unit vector in R, ; with ef = —1.

Theorem 1 Fach a unit elliptic quaternion represents an elliptical rotation on the an ellip-
soid. If
q=qo+ @i+ q2j + gsk =cosb +epsinb € Hy, a5,05

is a unit elliptic quaternion, then the linear map Ry (v) = qvq~! gives an elliptical rotation
through the elliptical angle 20, about the axis €y, where v € R3. The elliptical rotation matrix
to corresponding to the quaternion q is

[ q0q3A YA
@taiq} — axgs —asgd  2a2q1q2 — 2 o 2a3q1q3 + 2 o
Qa3 A QoA
Rl = 2a1q1g2 + 2? @ — a1gitaxqs —azqd  2a3q2q3 — 272 (8)
q0q2A Qoqn A
2014193 — 2 as 2a2q2q3 + 2 s @ — a1¢? — axg3+a3q3

for the ellipsoid a1z + asy® + azz® = 1.

Proof. It can be seen that Ry is a linear transformation and preserves the norm. Using the
equalities,

) . ajas . ai1az
Ry (i) = (alfﬁqg—q;m—qgag) i+2 <a1Q1Q2+CJ0(J3\/72> J+2 <Q1Q3a1—CJOQ2\/Z) k,

. a2as3 \ . . a1a92
Ry (§) = 2 ( a2q192—q0a3 i+ (a2q3 + @4 —dtar—q3as) j+2 | a2qagz+qom k,
a1 a3

asas \ . aias \ .
Ry (k) =2 <Q3Q1QB+QOC]21 / a1> i+2 (GSCDC]S—QOQH / a2> j+ (asa3 + 64—t —d5as) k,

we can obtain (8). So, the rotation matrix (8) is an elliptical rotation matrix on the ellipsoid
a12% + asy® + azz? = 1. That is, the equalities det Ry = 1 and REQRQ = ) are satisfied.
Also, note that, if we take a1 = ag = ag = 1, the standard rotation matrix is obtained. Now,
let’s choose an orthonormal set {eg,e1, €2} satisfying the equalities

V(E() X 81) = &9, V(sg X 60) = €1, V(El X 82) = €y.
If € is a vector in the plane of the £y and €1, we can write it as

€ = cosagqg + sinaeg.

12



To compute Rg (€) = geq™!, let’s find how €y and €; change under the transformation Rg.
Since V, is parallel to &g, we have geg = €oq by (4) and R, (g0) = qeoq ! = e0qq™! = eo.
So, ¢ is not changed under the transformation Rg. It means that € is the rotation axis. On

the other hand,

R, (e1) = qe1q”?

= (cos @ + epsinh) ey (cosf — eggsin )

= g1 cos? 0 — cosfsind (e1€0) + cosOsin b (epe1) — (gp€1) €0 sin 0.

Since we know that e1eg = V (g1 X g9) = —V (g9 X €1) = —€pe1 = —e2 for orthogonal, pure
quaternions, we obtain

R, (1) = €1 cos? 0 + (€1€0) €9 sin” § + 2e5 cos fsin O
=gy cos? 0 + sleg sin? 0 + 2e5 cos 0 sin 6

= g1 c0s 20 + €9 sin 20
That is, € is rotated through the elliptical angle 20 about &g by the transformation R,(e). =

Corollary 1 All elliptical rotations on an ellipsoid can be represented by elliptic quaternions
which is defined for that ellipsoid.

The matrix (8) is only rotation matrix in the scalar product space RS . .. and shows

rotations along an ellipse on the a;2? + asy® + a3z?> = A\, A € R*. Here, notice that the
ellipsoid a12? + asy® + azz? = 1 is unit sphere of the scalar product space Rgl’%%. So, Rg
rotates a vector elliptically on the ellipsoid aj2? + asy? + a3z? = 1 or similar to this ellipsoid.
Moreover, the matrix Rg depends to elliptical inner product and elliptical vector product and
we can write as R € SOg(n) or R} € SOq, 45,05 (1) where ¢ € Hg, g,.0,- We must always

use proper elliptic quaternion set and product corresponding to a predetermined ellipsoid.

Example 3 Let’s find the general elliptical rotation matriz for the ellipsoid 22 42y>+ 22 = 1.
Using (8), we obtain,

@ +2¢3 —2¢3 — 43 4¢192 — 29043 2¢0g2 + 2q1q3
R} = 20093 + 412 @ — 247 +203 — 43 2q2q3 — 2q0qn
4q193 — 4902 4qoq1 + 49243 @ —2¢8 —2¢5+ ¢

Here, det Ry = (q% +2¢% + 2¢3 + qg)3 =1 and RYQR = Q where Q = diag (2,2,1). For ex-
ample, the unit quaternion ¢ = (0,1/2,1/2,0) represents an elliptical rotation on the ellipsoid
222 +2y% + 22 = 1 through the elliptical angle , about the axis (1/2,1/2,0). And the elliptical
rotation matrix s

01 0
Ri=110 0
0 0 -1

Example 4 Let’s find the elliptical rotation matriz which is rotate the point A (3/2, \/§/2, 3/2)

2 2 2
to B (—\/5/2, -1/2, 3\/3/2) elliptically on the ellipsoid xz + yz + S

Here, a1 = az = 1/4 and ag = 1/9. So, A = 1/12. In example 1, we found the unit rotation
— —
axis as €9 = (1, -3, 0) using the vector product of x = OA andy = OB in R‘;’/4’1/471/9.
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B(x,y)

. L , . HXHB HZYHB _
representing the elliptical rotation matrixz which is rotate A to B is

V2 V2, VB
PR

Also, rotation angle is w/2 since cosf = = 0. So, the unit elliptic quaternion

q = cos45° + g¢sin45° = j.

Therefore, using above Theorem, we find
3 =3vV3 —4v3
RY, = 1 —3V3 9 —4
/2 12
W3 9 0
This matrixz is same as the rotation matriz obtained using Rodrigues formula in Example 1

Composition of Elliptical Rotations

Let p and ¢ be two unit elliptic quaternions of the same kind. That is, let p,q € Hg, a5,45- In
this case, Rgl and RZQ are two elliptical rotation matrices on the scalar product space R3 Laz.as”
That is Rgl and RgQ rotate a vector elliptically on the ellipsoid ai12? + agy? + azz? = 1. The
composition of these rotations can be expressed by the elliptic quaternion product gp. The axis
and the elliptical angle of the composite rotation is given by the product ¢p. Let Rgl (uy=v

and Rj (v) = w. Then

- -1 - -1
w =R}, (v) = B}, (B, (w)) = qRj, (wq™' = qpup~'q ™" = (ap) u(ap) " = RY (w).
It means that Rngel :Rgg . As an example, let’s take the unit elliptic quaternions ¢ =
(0, %, %, 0) and p = (%, %, %, %) That is, p,q € Ha2,1. The scalar and the vector products are

B(x,y) = a1z122 + agy1y2 + azz1 22,
A A A
Vxxy)= < (y122 — y221), — (—x122 + 2221) , — (T1Y2 — $2y1))
aq as as

respectively. The elliptic quaternion product of the quaternions p = pg + p1i+ p2j + psk and
q¢ = qo + q1i + q2j + g3k is defined as
pqg =pogo — B(Vp, Vg) + 0oV + qVy+V (V, x Vo).

So, gp can be found to be gp = (—1,1, —%, —%) € Hoo21-
Using (8), we can find as

01 0 ~1/2 —1/18 11/18
Ri=|10 0 |,RR=1| 1/2 -5/6 1/6 | and
00 —1 1 7/9  4/9

1/2 -5/6 1/6
R®=| —-1/2 —1/18 11/18

-1 =7/9 —4/9
It can be seen that the matrix equality RYRP = R is satisfied.

Remark 1 Ifp and q are two unit elliptic quaternions of different kinds, namely p € Ha, 45,45
and q € Hy, p,p,, then the composition of corresponding rotations cannot be expressed by
the elliptic quaternion product. Because, for each quaternion, the scalar product space is
different, hence the elliptic quaternion product is also different. Rgl and RZZTepresent a
rotations on the ellipsoids a1x? + a2y2 +azz® =1 and byz® + bgy2 +b322 =1 respectively and
the composition of the elliptical rotations on two different ellipsoids cannot be expressed by
the elliptical quaternion product of two elliptical quaternions of different kinds.
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